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Àííîòàöèÿ

�àññìàòðèâàåòñÿ ñïåêòð ñëó÷àéíîãî âçâåøåííîãî äâóäîëüíîãî ãðà�à.

Óñòàíîâëåíî, ÷òî ïðè îïðåäåëåííûõ ïðåäïîëîæåíèÿõ íà âåðîÿòíîñòè

ðåáåð ýìïèðè÷åñêàÿ ñïåêòðàëüíàÿ �óíêöèÿ ðàñïðåäåëåíèÿ ìàòðèöû

ñìåæíîñòè ãðà�à ñõîäèòñÿ ê ñèììåòðèçîâàííîé �óíêöèè ðàñïðåäåëå-

íèÿ Ìàð÷åíêî-Ïàñòóðà.

Êëþ÷åâûå ñëîâà è �ðàçû
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Abstrat

This study investigates the spetra of random weighted bipartite graphs.

We establish that under spei� assumptions on the edge probabilities, the

empirial spetral distribution funtion of the graph's adjaeny matrix

onverges to the symmetrized Marhenko-Pastur distribution funtion.

Keywords

Random matries, Marhenko-Pastur law, random bipartite graphs.

Funding

The work was arried out within the framework of the projet of the Komi

Sienti� Center of the Ural Branh of the Russian Aademy of Sienes

�Mathematial problems in the theory of stohasti and deterministi

systems, inluding high-dimensional systems� (projet No. 122040600066-

5), as well as within the framework of the Fundamental Researh Program

of the Higher Shool of Eonomis University.

For itation

Nadutkina A.V., Tikhomirov A.N, Timushev D.A. Marhenko-pastur law

for the spetrum of a random weighted bipartite graph // Mat. Trudy,

2024, V. 27, no. 2, pp. 131-143. DOI 10.25205/1560-750X-2024-27-2-131-

143

� 1. Ââåäåíèå

Â òðàäèöèîííîé òåîðèè ãðà�îâ êàê ïðàâèëî ïðåäïîëàãàåòñÿ, ÷òî ãðà-

�û ñòàòè÷íû è äåòåðìèíèðîâàíû. Îäíàêî â áîëüøèíñòâå ðåàëüíûõ ñåòåé

íàáëþäàåòñÿ íåêîòîðàÿ ñòåïåíü ñëó÷àéíîñòè. Òàê, ñîöèàëüíûå ñåòè ìîãóò
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èìåòü ñëó÷àéíûå ñâÿçè, îñíîâàííûå íà ñëó÷àéíûõ âñòðå÷àõ, à â èíòåð-

íåòå ñëó÷àéíûå ñâÿçè âîçíèêàþò â ñîîòâåòñòâèè ñ ïðîòîêîëàìè ìàðøðó-

òèçàöèè. Òàêèì îáðàçîì, ðàññìîòðåíèå îäíèõ òîëüêî ëèøü äåòåðìèíèðî-

âàííûõ ãðà�îâ íå ñìîæåò ïåðåäàòü âñþ ñëîæíîñòü ýòèõ ñèñòåì. Ìîäåëè

ñëó÷àéíûõ ãðà�îâ ïîçâîëÿþò ðàçðàáàòûâàòü àëãîðèòìû, êîòîðûå áîëåå

ý��åêòèâíû ïðè ðàáîòå ñ ìàññèâíûìè íàáîðàìè äàííûõ ñ ìèëëèîíàìè

èëè äàæå ìèëëèàðäàìè âåðøèí. Â èòîãå, åñëè äåòåðìèíèðîâàííûå ãðà�û

öåííû äëÿ �óíäàìåíòàëüíûõ èññëåäîâàíèé, òî ñëó÷àéíûå ãðà�û íåîá-

õîäèìû äëÿ îòðàæåíèÿ ïðèñóùåé ñåòÿì ðåàëüíîãî ìèðà ñëó÷àéíîñòè è

áîëüøèõ ìàñøòàáîâ.

Â ïîñëåäíèå òðè äåñÿòèëåòèÿ ïîÿâèëñÿ áîëüøîé îáúåì ëèòåðàòóðû, ïî-

ñâÿùåííîé èññëåäîâàíèþ ñëó÷àéíûõ ãðà�îâ. Òåîðèÿ ñëó÷àéíûõ ãðà�îâ

ïðåòåðïåëà áûñòðîå è çíà÷èòåëüíîå ðàçâèòèå áëàãîäàðÿ ðàçíîîáðàçíûì

ïðèëîæåíèÿì â ðàçëè÷íûõ îáëàñòÿõ � îò ìàòåìàòèêè è �èçèêè äî �è-

íàíñîâ, ñîöèàëüíûõ íàóê, áèîëîãèè, õèìèè, èí�îðìàöèîííûõ ñåòåé (ñì.,

íàïðèìåð, [1, 2℄). Îñíîâû òåîðèè ñëó÷àéíûõ ãðà�îâ áûëè çàëîæåíû â 1950-

õ ãîäàõ Ýðäåøîì è �åíüè [4℄, îáúåäèíèâ ïðèíöèïû òåîðèè ãðà�îâ è òåîðèè

âåðîÿòíîñòåé â ìåæäèñöèïëèíàðíóþ îáëàñòü. Ñëó÷àéíûé ãðà� Ýðäåøà-

�åíüè � ýòî ãðà� ñ n âåðøèíàìè, ðåáðà êîòîðîãî âûáèðàþòñÿ íåçàâèñèìî

ñ âåðîÿòíîñòüþ p, ëåæàùåé â äèàïàçîíå 0 < p < 1. Ýòà âåðîÿòíîñòü ðåáðà
ìîæåò áûòü ëèáî ïîñòîÿííîé, ëèáî �óíêöèåé, çàâèñÿùåé îò n. Ñïåêòðàëü-
íàÿ òåîðèÿ ãðà�îâ ÿâëÿåòñÿ îäíîé èç êëþ÷åâûõ îáëàñòåé èññëåäîâàíèÿ â

òåîðèè ãðà�îâ, �îêóñèðóÿñü íà ñâîéñòâàõ ãðà�à, êàñàþùèõñÿ ñîáñòâåí-

íûõ çíà÷åíèé è ñîáñòâåííûõ âåêòîðîâ ñâÿçàííûõ ñ íèì ìàòðèö, òàêèõ êàê

ìàòðèöà ñìåæíîñòè, ìàòðèöà Ëàïëàñà è íîðìàëèçîâàííàÿ ìàòðèöà Ëà-

ïëàñà. Ñïåêòðû ýòèõ ìàòðèö íàçûâàþòñÿ ñïåêòðàìè ãðà�à. Ïîíèìàíèå

ñïåêòðîâ ñëó÷àéíûõ ãðà�îâ î÷åíü âàæíî äëÿ ïîíèìàíèÿ ñâîéñòâ ñëó÷àé-

íûõ ãðà�îâ. Íàïðèìåð, ñïåêòð ìàòðèö ñìåæíîñòè è Ëàïëàñèàíà ãðà�à

êîððåëèðóåò ñ åãî ñâÿçíîñòüþ è êîëè÷åñòâîì âõîæäåíèé îïðåäåëåííûõ

ïîäãðà�îâ, à òàêæå ñ åãî õðîìàòè÷åñêèì ÷èñëîì è ÷èñëîì íåçàâèñèìî-

ñòè. Ñïåêòð íîðìàëèçîâàííîé ìàòðèöû Ëàïëàñèàíà ñâÿçàí ñ äè��óçèåé

íà ãðà�àõ, ñëó÷àéíûìè áëóæäàíèÿìè íà ãðà�àõ [2℄.

Â äàííîé ðàáîòå èññëåäóþòñÿ ñëó÷àéíûå âçâåøåííûå äâóäîëüíûå ãðà-

�û. Ýòè ãðà�û ñîñòîÿò èç äâóõ îòäåëüíûõ ìíîæåñòâ ñ n è m âåðøèíà-

ìè, êàæäîå èç êîòîðûõ íå èìååò ñâÿçåé âíóòðè îäíîãî ìíîæåñòâà, ÷òî â

ñóììå äàåò n +m âåðøèí â äâóäîëüíîì ãðà�å. Ñâÿçè ìåæäó âåðøèíàìè

âîçíèêàþò ñëó÷àéíûì îáðàçîì, è ìàòðèöû ñìåæíîñòè ýòèõ ãðà�îâ èìå-

þò áëî÷íóþ ñòðóêòóðó. Òàêîå ðàçäåëåíèå âåðøèí íà äâå ÷àñòè ïîçâîëÿåò

îòðàçèòü îñîáåííîñòè ìíîãèõ ðåàëüíûõ ñåòåé � îò ñîöèàëüíûõ âçàèìîäåé-

ñòâèé, ãäå ïîëüçîâàòåëè îáùàþòñÿ ñ äðóãèìè ïîëüçîâàòåëÿìè, äî ðåêîìåí-

äàòåëüíûõ ñèñòåì, ñîïîñòàâëÿþùèõ òîâàðû ñ çàèíòåðåñîâàííûìè ïîêóïà-
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òåëÿìè. Äâóäîëüíûå ãðà�û ïðåäñòàâëÿþò ñîáîé ìîùíûé èíñòðóìåíò äëÿ

ìîäåëèðîâàíèÿ ïîäîáíûõ ïðîöåññîâ [3, 5℄. Äîáàâëåíèå âåñîâ ê äâóäîëüíî-

ìó ãðà�ó çíà÷èòåëüíî ïîâûøàåò åãî ïîëåçíîñòü, ïîçâîëÿÿ êîëè÷åñòâåííî

îöåíèòü ñèëó îòíîøåíèé, îïðåäåëèòü ïðèîðèòåòíîñòü êîíêðåòíûõ âçàèìî-

äåéñòâèé è íàéòè äðóãèå ïîäõîäÿùèå ïðèìåíåíèÿ.

Â ðàáîòå [6℄ áûëà äîêàçàíà ñõîäèìîñòü ýìïèðè÷åñêîé ñïåêòðàëüíîé

�óíêöèè ðàñïðåäåëåíèÿ ìàòðèöû ñìåæíîñòè îáîáùåííîãî ñëó÷àéíîãî ãðà-

�à ê �óíêöèè ðàñïðåäåëåíèÿ ïîëóêðóãîâîãî çàêîíà Âèãíåðà ïðè ðÿäå

óñëîâèé íà âåðîÿòíîñòè ðåáåð ãðà�à. Â íàñòîÿùåé ðàáîòå èññëåäóþòñÿ

ñëó÷àéíûå âçâåøåííûå äâóäîëüíûå ãðà�û, ðàñøèðÿÿ óñòàíîâëåííûé â

[6℄ ðåçóëüòàò î ñõîäèìîñòè ñèììåòðèçîâàííîé ýìïèðè÷åñêîé ñïåêòðàëüíîé

�óíêöèè ðàñïðåäåëåíèÿ ìàòðèöû ñìåæíîñòè äâóäîëüíîãî ãðà�à ê ñèì-

ìåòðèçîâàííîé �óíêöèè ðàñïðåäåëåíèÿ Ìàð÷åíêî-Ïàñòóðà.

�àññìîòðèì íåîðèåíòèðîâàííûé âçâåøåííûé äâóäîëüíûé ãðà� G =
(V1, V2, E, ω), ãäå V1 è V2 � êîíå÷íûå ìíîæåñòâà âåðøèí ñ |V1| = n, |V2| =
m, à n,m � âåëè÷èíû îäíîãî ïîðÿäêà. Íå óìàëÿÿ îáùíîñòè áóäåì ñ÷èòàòü,

÷òî m ≥ n. Îáîçíà÷èì ìàòðèöó ñìåæíîñòè ãðà�à ÷åðåç A. Òîãäà A èìååò

ñëåäóþùóþ áëî÷íóþ ñòðóêòóðó:

A =

[

On W

W
∗

Om

]

.

Çäåñü On è Om � íóëåâûå ìàòðèöû ðàçìåðîâ n×n è m×m, ñîîòâåòñòâåí-
íî. W � ìàòðèöà ðàçìåðà n × m, îïðåäåëåííàÿ, êàê W = 1√

an
Ξ ◦ X, ãäå

X = (Xjk) � ìàòðèöà ðàçìåðà n × m ñ íåçàâèñèìûìè ýëåìåíòàìè Xjk ñ

íóëåâûì ñðåäíèì EXjk = 0, è åäèíè÷íîé äèñïåðñèåé EX2
jk = 1, äëÿ âñåõ

j ∈ {1, . . . , n} è k ∈ {1, . . . , m}, à Ξ = (ξjk) � n × m-ìàòðèöà ñ íåçàâèñè-
ìûìè ýëåìåíòàìè Áåðíóëëè ξjk, òî åñòü ξjk ïðèíèìàåò çíà÷åíèå 1 ñ âåðî-
ÿòíîñòüþ Eξjk = pjk è çíà÷åíèå 0 ñ âåðîÿòíîñòüþ 1− pjk. Ïîëîæèòåëüíóþ
ñêàëÿðíóþ âåëè÷èíó an ìû îïðåäåëÿåì êàê

an =
1

n

n
∑

j=1

m
∑

k=1

pjk,

è ïðåäïîëàãàåì, ÷òî m = m(n), ïðè÷åì limn→∞ n/m =: y, ãäå y � íåêîòî-

ðàÿ êîíñòàíòà.

Ïóñòü s1 ≥ s2 ≥ · · · ≥ sn îáîçíà÷àþò ñèíãóëÿðíûå çíà÷åíèÿ ìàòðèöû

W, óïîðÿäî÷åííûå â íåâîçðàñòàþùåì ïîðÿäêå. �àññìîòðèì ñîîòâåòñòâó-

þùóþ ñèììåòðèçîâàííóþ �óíêöèþ ýìïèðè÷åñêîãî ñïåêòðàëüíîãî ðàñïðå-

äåëåíèÿ:

Fn(x) :=
1

2n

n
∑

k=1

(

I{sk ≤ x}+ I{−sk ≤ x}
)

.
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Çäåñü I{·} îáîçíà÷àåò èíäèêàòîðíóþ �óíêöèþ. Êðîìå òîãî, ìû îïðåäåëèì

Gy(x) êàê ñèììåòðèçîâàííóþ �óíêöèþ ðàñïðåäåëåíèÿ Ìàð÷åíêî-Ïàñòóðà

ñ ïëîòíîñòüþ:

gy(x) =
1

2πy|x|
√

(x2 − a2)(b2 − x2)I{a2 ≤ x2 ≤ b2},

ãäå a = 1−√
y è b = 1 +

√
y.

Ìû áóäåì ïðåäïîëàãàòü, ÷òî âåðîÿòíîñòü ïðîðåæèâàíèÿ pn è ìîìåíòû
ýëåìåíòîâ ìàòðèöû Xjk óäîâëåòâîðÿþò ðÿäó óñëîâèé:

• óñëîâèå CP (0):
an → ∞, ïðè n → ∞;

• óñëîâèå CP (1):

lim
n→∞

1

nan

n
∑

j=1

m
∑

k=1

∣

∣

∣
pjk −

an
m

∣

∣

∣
= 0;

• óñëîâèå CX(0): äëÿ ëþáîãî τ > 0

Ln(τ) :=
1

nan

n
∑

j=1

m
∑

k=1

pjkEX
2
jkI{|Xjk| > τ

√
an} → 0, ïðè n → ∞.

Îñíîâíîé ðåçóëüòàò ñòàòüè ïðåäñòàâëÿåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî óñëîâèÿ CP (0), CP (1) è CX(0) âûïîë-
íåíû. Òîãäà

sup
x

|Fn(x)−Gy(x)| → 0 ïî âåðîÿòíîñòè, ïðè n → ∞.

� 2. Äîêàçàòåëüñòâî òåîðåìû

Ïóñòü RA(z) = (A− zIn+m)
−1

� ðåçîëüâåíòà ìàòðèöû A. Äîïîëíåíèå

Øóðà äàåò

RA(z) =

[

z(WW
∗ − z2In)

−1
W(W∗

W − z2Im)
−1

(W∗
W − z2Im)

−1
W

∗ z(W∗
W − z2Im)

−1

]

. (1)

Îáîçíà÷èì ÷åðåç sy(z) ïðåîáðàçîâàíèå Ñòèëüòüåñà ñèììåòðèçîâàííîé

�óíêöèè ðàñïðåäåëåíèÿ Ìàð÷åíêî-Ïàñòóðà Gy(x), à ÷åðåç sn(z) � ïðå-

îáðàçîâàíèå Ñòèëüòüåñà �óíêöèè ðàñïðåäåëåíèÿ Fn(x). Ïðåîáðàçîâàíèå
Ñòèëüòüåñà äëÿ Gy(x) èìååò âèä

sy(z) =
−z + 1−y

z
+

√

(z − 1−y
z
)
2 − 4y

2y
,

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 2, C. 131-143

Mat. Trudy, 2024, vol. 27, no. 2, pp. 131-143



136 Çàêîí Ìàð÷åíêî-Ïàñòóðà äëÿ ñïåêòðà äâóäîëüíîãî ãðà�à

è ïðåîáðàçîâàíèå Ñòèëüòüåñà äëÿ Fn(x)

sn(z) =

∫ ∞

−∞

1

x− z
dFn(x).

Ïóñòü j ∈ {1, . . . , n}. �àññìîòðèì σ-àëãåáðó M
(j)
, ïîðîæäåííóþ ýëå-

ìåíòàìè A çà èñêëþ÷åíèåì ñòðîêè è ñòîëáöà ñ íîìåðîì j. Ñèìâîëîì A
(j)

îáîçíà÷èì ìàòðèöó A, ó êîòîðîé óäàëåíû ñòðîêà è ñòîëáåö ñ íîìåðîì j.
Àíàëîãè÷íûì îáðàçîì ìû áóäåì îáîçíà÷àòü âñå îáúåêòû, îïðåäåëåííûå

÷åðåç A
(j)
, íàïðèìåð ðåçîëüâåíòíóþ ìàòðèöó R

(j)
, ESD-ïðåîáðàçîâàíèå

Ñòèëüòüåñà s
(j)
n è òàê äàëåå. Ñèìâîëîì Ej îáîçíà÷èì óñëîâíîå ìàòåìàòè-

÷åñêîå îæèäàíèå îòíîñèòåëüíî σ-àëãåáðû Mj.

Èç óðàâíåíèÿ (1) ñëåäóåò, ÷òî

sn(z) =
1

n

n
∑

j=1

Rjj =
1

n

m
∑

l=1

Rl+n,l+n +
m− n

nz
,

è

Rjj(z) =
1

−z − 1
an

∑m
l,k=1XjkXjlξjkξjlR

(j)
k+n,l+n

= − 1

z + ysn(z)− 1−y
z

(1− εjRjj(z)),

ãäå

εj = εj1 + εj2 + εj3 + εj4 + εj5,

εj1 = − 1

an

m
∑

k=1

X2
jk

(

ξjk − pjk
)

R
(j)
k+n,k+n,

εj2 = − 1

an

m
∑

k=1

pjk
(

X2
jk − 1

)

R
(j)
k+n,k+n,

εj3 = − 1

an

m
∑

k=1

(

pjk −
an
m

)

R
(j)
k+n,k+n,

εj4 =
1

m

m
∑

k=1

Rk+n,k+n −
1

m

m
∑

k=1

R
(j)
k+n,k+n,

εj5 = − 1

an

m
∑

l 6=k

XjkXjlξjkξjlR
(j)
k+n,l+n.
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Çàìåòèì, ÷òî èìååò ìåñòî ñëåäóþùåå î÷åâèäíîå íåðàâåíñòâî (ñì. [8℄, Ëåì-

ìà 7.6):

max
k,l

{

∣

∣Rk+n,l+n(z)
∣

∣,
∣

∣R
(j)
k+n,l+n(z)

∣

∣

}

≤ 1

v
, z = u+ iv v ≥ 0. (2)

Ñóììèðóÿ Rjj(z), ïîëó÷àåì:

sn(z) = − 1

z + ysn(z)− 1−y
z

(1− Tn(z)),

ãäå

Tn(z) =
1

n

n
∑

j=1

εjRjj =
5
∑

ν=1

Tnν(z), Tnν(z) =
1

n

n
∑

j=1

εjνRjj.

Ïîñêîëüêó ïðåîáðàçîâàíèå Ñòèëòüåñà sy(z) ñèììåòðèçîâàííîãî ðàñïðåäå-
ëåíèÿ Ìàð÷åíêî-Ïàñòóðà óäîâëåòâîðÿåò óðàâíåíèþ

sy(z) = − 1

z + ysy(z)− 1−y
z

,

äëÿ äîêàçàòåëüñòâà ñõîäèìîñòè sn(z) → sy(z) äîñòàòî÷íî ïîêàçàòü, ÷òî

E|Tn(z)| → 0 ðàâíîìåðíî ïî z = u + iv, |u| ≤ u0, v ≥ C. Äëÿ ýòîãî íàì

ïîíàäîáèòñÿ ðÿä âñïîìîãàòåëüíûõ óòâåðæäåíèé.

Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ CP (0), CP (1) è CX(0). Òîãäà

E|Tn1| → 0, ïðè n → ∞.
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Äîêàçàòåëüñòâî. Èìååì

E|Tn1| ≤
1

n

n
∑

j=1

E|εj1Rjj| ≤
1

nvan

n
∑

j=1

E

∣

∣

∣

∣

∣

m
∑

k=1

X2
jk

(

ξjk − pjk
)

R
(j)
k+n,k+n

∣

∣

∣

∣

∣

≤ 1

nvan

n
∑

j=1

E

∣

∣

∣

∣

∣

m
∑

k=1

X2
jk

(

ξjk − pjk
)

R
(j)
k+n,k+nI{|Xjk| ≤ τ

√
an}
∣

∣

∣

∣

∣

+
1

nvan

n
∑

j=1

E

∣

∣

∣

∣

∣

m
∑

k=1

X2
jk

(

ξjk − pjk
)

R
(j)
k+n,k+nI{|Xjk| > τ

√
an}
∣

∣

∣

∣

∣

≤ 1

van

(

1

n

n
∑

j=1

E

∣

∣

∣

∣

m
∑

k=1

X2
jk

(

ξjk − pjk
)

R
(j)
k+n,k+nI{|Xjk| ≤ τ

√
an}
∣

∣

∣

∣

2
)

1

2

+
1

nvan

n
∑

j=1

m
∑

k=1

E

∣

∣

∣
X2

jk

(

ξjk − pjk
)

R
(j)
k+n,k+nI{|Xjk| > τ

√
an}
∣

∣

∣

≤ 1

v2an

(

1

n

n
∑

j=1

m
∑

k=1

E
(

ξjk − pjk
)2
EX4

jkI{|Xjk| ≤ τ
√
an}
)

1

2

+
1

nv2an

n
∑

j=1

m
∑

k=1

E
∣

∣ξjk − pjk
∣

∣EX2
jkI{|Xjk| > τ

√
an}

≤ τ
√
an

v2an

(

1

n

n
∑

j=1

m
∑

k=1

pjk(1− pjk)

)

1

2

+
2

nv2an

n
∑

j=1

m
∑

k=1

pjk(1− pjk)EX
2
jkI{|Xjk| > τ

√
an}

≤ τ + 2Ln(τ)

v2
.

Çàìåòèì, ÷òî ìû ìîæåì çàìåíèòü τ â óñëîâèè CX(0) íà óáûâàþùóþ ïî-

ñëåäîâàòåëüíîñòü τn, ñòðåìÿùóþñÿ ê íóëþ, òàêóþ, ÷òî

Ln(τn) → 0

ïðè n → ∞. Ýòî çàâåðøàåò äîêàçàòåëüñòâî ëåììû.

Ëåììà 2. Ïóñòü âûïîëíåíû óñëîâèÿ CP (0), CP (1) è CX(0). Òîãäà

E|Tn2| → 0, ïðè n → ∞.

Äîêàçàòåëüñòâî. Îïðåäåëèì ñëó÷àéíûå âåëè÷èíû ηjk =
(

X2
jk − 1

)

·
·I{|Xjk| ≤ τ

√
an}. Ëåãêî âèäåòü, ÷òî Eηjk = −E

(

X2
jk − 1

)

I{|Xjk| > τ
√
an} è
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|ηjk − Eηjk| ≤ 2τ 2an. Èç (2) è ýòèõ ñîîòíîøåíèé ïîëó÷àåì

E|Tn2| ≤
1

n

n
∑

j=1

E|εj2Rjj| ≤
1

nvan

n
∑

j=1

E

∣

∣

∣

∣

∣

m
∑

k=1

pjk
(

X2
jk − 1

)

R
(j)
k+n,k+n

∣

∣

∣

∣

∣

≤ 1

nvan

n
∑

j=1

E

∣

∣

∣

∣

∣

m
∑

k=1

pjk
(

X2
jk − 1

)

R
(j)
k+n,k+nI{|Xjk| ≤ τ

√
an}
∣

∣

∣

∣

∣

+
1

nvan

n
∑

j=1

E

∣

∣

∣

∣

∣

m
∑

k=1

pjk
(

X2
jk − 1

)

R
(j)
k+n,k+nI{|Xjk| > τ

√
an}
∣

∣

∣

∣

∣

≤ 1

nvan

n
∑

j=1

E
1

2

∣

∣

∣

∣

∣

m
∑

k=1

pjkR
(j)
k+n,k+n

(

ηjk − Eηjk
)

∣

∣

∣

∣

∣

2

+
2

nvan

n
∑

j=1

m
∑

k=1

pjkE
∣

∣X2
jk − 1

∣

∣I{|Xjk| > τ
√
an}E

∣

∣R
(j)
k+n,k+n

∣

∣.

Ïðèìåíÿÿ íåðàâåíñòâî Êîøè è (2), èìååì

E|Tn2| ≤
1

van

(

1

n

n
∑

j=1

m
∑

k=1

p2jkE
∣

∣R
(j)
k+n,k+n

∣

∣

2
E
∣

∣ηjk − Eηjk
∣

∣

2

)
1

2

+
2

nv2an

n
∑

j=1

m
∑

k=1

pjkEX
2
jkI{|Xjk| > τ

√
an}

+
2

nv2an

n
∑

j=1

m
∑

k=1

pjkP{|Xjk| > τ
√
an}

≤ C

v2

(

τ +
Ln(τ)

τ 2an
+ Ln(τ)

)

.

Çàìåòèì, ÷òî ìû ìîæåì çàìåíèòü τ â óñëîâèè CX(0) íà óáûâàþùóþ ïî-

ñëåäîâàòåëüíîñòü τn, ñòðåìÿùóþñÿ ê íóëþ, òàêóþ, ÷òî

τ 2nan → ∞

è

Ln(τn) → 0

ïðè n → ∞. Ýòî çàâåðøàåò äîêàçàòåëüñòâî ëåììû.

Ëåììà 3. Ïðåäïîëàãàÿ, ÷òî óñëîâèÿ CP (0), CP (1) è CX(0) âûïîëíåíû,
ìû èìååì ñëåäóþùóþ ñõîäèìîñòü:

E|Tn3| → 0, ïðè n → ∞.
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Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ Tn3 è íåðàâåíñòâà (2) ñëåäóåò, ÷òî

E|Tn3| ≤
1

n

n
∑

j=1

E|εj3Rjj| ≤
1

nvan

n
∑

j=1

m
∑

k=1

∣

∣

∣
pjk −

an
m

∣

∣

∣
E

∣

∣

∣
R

(j)
k+n,k+n

∣

∣

∣

≤ 1

nv2an

n
∑

j=1

m
∑

k=1

∣

∣

∣

∣

pjk −
an
m

∣

∣

∣
.

Îáúåäèíèâ ýòî íåðàâåíñòâî è óñëîâèå CP (1), ïîëó÷àåì òðåáóåìûé ðåçóëü-

òàò.

Ëåììà 4. Ïóñòü âûïîëíåíû óñëîâèÿ CP (0), CP (1) è CX(0). Òîãäà

E|Tn4| → 0, ïðè n → ∞.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ëåììó 3.2 èç ñòàòüè [7℄ äëÿ îöåíêè ðàçíî-
ñòè ñëåäîâ ðåçîëüâåíò, ïîëó÷àåì

E|Tn4| ≤
1

n

n
∑

j=1

E|εj4Rjj| ≤
1

nmv

n
∑

j=1

E

∣

∣

∣

∣

∣

m
∑

k=1

Rk+n,k+n −
m
∑

k=1

R
(j)
k+n,k+n

∣

∣

∣

∣

∣

≤ y

nv2
.

Íà ýòîì äîêàçàòåëüñòâî ëåììû çàâåðøåíî.

Ëåììà 5. Ïóñòü âûïîëíåíû óñëîâèÿ CP (0), CP (1) è CX(0). Òîãäà

E|Tn5| → 0, ïðè n → ∞.

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ íåðàâåíñòâî òðåóãîëüíèêà, íåðàâåíñòâî Êî-

øè, íåðàâåíñòâî (2) è âû÷èñëÿÿ äèñïåðñèþ êâàäðàòè÷íîé �îðìû îòíî-

ñèòåëüíî ïåðåìåííûõ {Xjkξjk}mk=1 ïðè �èêñèðîâàííûõ çíà÷åíèÿõ ìàòðèö

R
(j)
, ìû ïîëó÷èì

E|Tn5| ≤
1

n

n
∑

j=1

E|εj5Rjj | ≤
1

anv

(

1

n

n
∑

j=1

E

∣

∣

∣

∣

∣

m
∑

l 6=k

XjkXjlξjkξjlR
(j)
k+n,l+n

∣

∣

∣

∣

∣

2)
1

2

≤ 1

anv

(

1

n

n
∑

j=1

m
∑

l 6=k

pjkpjlE|R(j)
k+n,l+n|2

)
1

2

≤ 1

a
1/2
n v2

.

Çäåñü ìû èñïîëüçóåì íåðàâåíñòâî (ñì. [8℄, Ëåììà 7.6)

m
∑

l

pjl|R(j)
k+n,l+n|2 ≤

ImR
(j)
k+n,k+n

v
≤ 1

v2
.

Òåì ñàìûì, ëåììà äîêàçàíà.
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Òåïåðü ìû ãîòîâû äîêàçàòü îñíîâíîé ðåçóëüòàò.

Äîêàçàòåëüñòâî òåîðåìû 1. Âî-ïåðâûõ, çàìåòèì, ÷òî ñïðàâåäëèâû óðàâ-

íåíèÿ

ys2y(z) +

(

z − 1− y

z

)

sy(z) + 1 = 0,

ys2n(z) +

(

z − 1− y

z

)

sn(z) + 1 = Tn(z).

Îòñþäà ïîëó÷èì

(
∣

∣

∣

∣

z − 1− y

z

∣

∣

∣

∣

− 2y

v

)

∣

∣sn(z)− sy(z)
∣

∣

≤
∣

∣

∣

∣

y
(

s2n(z)− s2y(z)
)

+

(

z − 1− y

z

)

(

sn(z)− sy(z)
)

∣

∣

∣

∣

= |Tn(z)|.

Âûáèðàÿ v0 ≥
√

2(1− y), èìååì

∣

∣sn(z)− sy(z)
∣

∣ ≤ C|Tn(z)|. (3)

Òàê êàê E|Tn(z)| ≤
∑5

ν=1 E|Tnν(z)|, òî èç ëåìì 1�5 ïîëó÷èì E|Tn(z)| → 0.
Îòñþäà ñëåäóåò, ÷òî

E
∣

∣sn(z)− sy(z)
∣

∣→ 0 ïðè n → ∞

ðàâíîìåðíî ïî z = u + iv, |u| ≤ u0, v ≥ v0. Ïîñêîëüêó sn(z) � àíàëèòè÷å-

ñêàÿ �óíêöèÿ è |sn(z)| ≤ 1
v0
äëÿ ëþáîãî z = u+ iv è v ≥ v0, òî èç òåîðåìû

Ìîíòåëÿ ñëåäóåò, ÷òî ñåìåéñòâî ëîêàëüíî îãðàíè÷åííûõ àíàëèòè÷åñêèõ

�óíêöèé {sn(z)} ÿâëÿåòñÿ ïðåäêîìïàêòíûì ïîäìíîæåñòâîì. Îòñþäà ñëå-

äóåò ñõîäèìîñòü ïî âåðîÿòíîñòè

sn(z) → sy(z) ïðè n → ∞

äëÿ z = u+ iv, v ≥ v0. Íàêîíåö, èç ñõîäèìîñòè ïðåîáðàçîâàíèé Ñòèëüòüåñà
sn(z) ñëåäóåò ñõîäèìîñòü ñèììåòðèçîâàííûõ ýìïèðè÷åñêèõ �óíêöèé ðàñ-

ïðåäåëåíèÿ Fn(x) ê ñèììåòðèçîâàííîé �óíêöèè ðàñïðåäåëåíèÿ Ìàð÷åíêî-

Ïàñòóðà ïî âåðîÿòíîñòè. Òåîðåìà 1 äîêàçàíà.
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